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Abstract. We are interested in the problem of existence of soliton-like solutions for the nonlinear 
Klein-Gordon equation. In particular we study some necessary and sufficient conditions on the 
nonlinear term to obtain solitons of a given charge. We remark that the conditions we consider can 
be easily verified. Moreover we show that multiplicity of solitons of the same charge is guaranteed 
by the "shape" of the nonlinear term for equations on K^, hence without appealing to topological 
or geometrical properties of the domain. 



1. Introduction 

In this paper we are interested in studying the existence of solitons, that is solutions whose 
energy travels as a localized packet and exhibit orbital stability, for the nonlinear Klein-Gordon 
equation 

(NKG) ^^^_AV^ + F'(|V^|)^ = 

where tp{t,x) G i/^M x R^,C) with iV > 3, and F : R+ ^ M is of class C^. Equation (iNKGj) is 
the Euler-Lagrange equation of the action functional with Lagrangian density 

(1-1) L{i^) = ^{\^tf-m')-FM) 

which is invariant for the action of the Poincare group and for the gauge action of the group 
given by 

(1.2) V ^ 6' G 

Noether's theorem states that any invariance for a one-parameter group of the Lagrangian implies 
the existence of an integral of motion, namely of a quantity computed on solutions which is preserved 
with time. Thus equation (jNKGp has ten integrals: energy, momentum, angular momentum and 
ergocenter velocity. Moreover, another integral is given by the gauge invariance (jl.2p : charge. 

A typical example of solitons for equation (jNKGp is that of orbitally stable standing waves. A 
standing wave is a finite energy solution of the form 

(1.3) ^(t,x) = u(x)e~*'^*, n>0, a;GM+. 
for which ()NKGp takes the form 

(1.4) - Au + F'{u) =uj^u 

Definition of orbital stability is given below in Definition 12.11 

The study of solitons for equation (|NKGp has a very long history starting with the paper of Rosen 
[12] . The first step is to study the existence of solutions of (|1.4p . Coleman et al. [7j and Strauss 
|16) gave the first rigorous proofs of existence of standing waves ()1.3p for some particular F's, and 
later necessary and sufficient existence conditions have been found by Berestycki and Lions [5j. 

For what concerns the orbital stability of standing waves for (jNKGp . the first results are due to 
Shatah [13]. He finds a necessary and sufficient condition for orbital stability which turns out to be 



difficult to be verified in concrete situations. Indeed this condition is given in terms of a function 
d{uj) on the frequency of the standing wave (jl.Sp . and an exphcit computation of this function 
is possible only in some particular situations, when one knows explicit properties of the standing 
wave. For example, this computation has been carried out in [15] for the (jNKGp equation with 
the choice F{ip) = ^ — - See also [9J for a generalisation to general Hamiltonian fields 
equations of methods in [13]. Some instability results have also been obtained in [15] and [14j. 

More recently in [1], it has been introduced a new approach to the study of the existence of 
solitons for the (|NKGp equation. More attention is paid to the properties that the nonlinear term 
F has to satisfy in order to obtain existence of solitons, independently of their frequency. What 
turns out to be important is instead the charge of the standing waves. In particular, solitons have 
been obtained as ground states of the energy E (see ()2.8p ) constrained to the manifold of standing 
waves with fixed charge, and sufficient conditions on F are given for the existence of points of 
minimum (see Section [2]). 

In this paper we continue the study of [Ij. First, fixed a charge a, we give a necessary and 
sufficient condition for the existence of ground states solitons of charge a. When this condition is 
not satisfied, so that the global minimum for the energy E constrained to the manifold of standing 
waves with charge a is not attained, we study the existence of solitons which are bound states, that 
is points of local minimum. In particular, we prove that under the same assumptions on F as in [1], 
there exists an interval of charges such that the (INKGj) equation has bound states for any charge 
in this interval. Moreover, we find a sufficient condition on F under which bound states exist for 
any charge. We stress again that all the conditions we consider are very easy to be verified for a 
given function F, hence results can be easily checked for any given (jNKCp equation. 

Finally, we study the existence of multiple bound states for a fixed charge. The existence of 
multiple positive solutions for elliptic equations as (jl.4p has received much attention in recent 
years. The multiplicity of solutions has been studied for equations on domains of with a rich 
topology ([3]) or geometry ([8|), and for equations on Riemannian manifolds ([1], [TO]). In this paper 
we obtain existence of multiple solutions {u,uj) of (jl.4p on for functions F with "oscillating 
behaviour" (see (j2.17p ). hence the multiplicity phenomenon is related only to the shape of F. In 
particular, we find multiple points of local minimum for the energy E constrained to the manifold of 
standing waves with charge in a given interval. Notice that in our result we also vary the frequency 
uj of solutions of ()1.4|) . However, this approach is used in [6] to obtain multiplicity results varying 
only the positive function u. 

The structure of the paper is the following. Results are described in details in Section [2l All the 
proofs are collected in Section [3l 

2. Statement of results 
In equation (jNKGh we consider functions F of the form 

(2.1) F{s) = s'^ + R{s) seM+ 

with > and R : 1R+ ^ M a function satisfying 

(Ho) R{0) = R'{0) = R"{0) = 

(Hi) i?(s) > -^l^^s^ Vs G M+ 

{H2) 3 So G such that R{so) < 

{H3) \R"{s)\ < cisP-^ + C2S^"^ with ci, C2 > for 2 < p < g < 2* 
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For the existence of ground states solitons, it turns out that it is important to consider the behaviour 
of the nonhnear term R near the origin. In particular we say that R satisfies the negativity condition 
if 

4 \R(s)\ 
(NC) 3a>0and0<e< — such that R{s) < Vs G (0,a) and limsup ^-^ji^- > 

Instead for the existence of bound states sohtons, we show that an important role is played by the 
zero condition 

(ZC) 3 si G M+ such that F{si) = 

We now reconsider the problem from the point of view of dynamical systems. Let us consider 
the space X = H\R^,C) x L'^{R^, C). To a function ^{t, x) G ^^(M x M^, C) we can associate a 
vector ^ = (i/jjipt) which is in X for any t € M. Equation (jNKGp can then be written in the form 

(2.2) — =^*-G(*) 

^ ' dt ^ ' 

with 

^^(a o) ^ ( F'(I^I) ) ■ 

Together with an initial condition ^{0,x), equation (j2.2p is a Cauchy problem, and its solutions 
define a flow U on the phase space X, that is a map U :M x X ^ X given by 

^{t,x) = [/(t,*(0,x)) 

Global existence for the flow U is guaranteed by assumption ( |ffiD . 

As discussed in the introduction, the flow U preserves energy and charge. Energy, by definition, 
is the quantity which is preserved by the time invariance of the Lagrangian (jl.ip . It has the form 



(2.3) f(*) 



dx 



Charge is the quantity preserved by the gauge action (jl.2p . and is given by 
(2.4) H(*) = Im / i^t^ dx 



A particular class of solutions of (jNKGp (and of (j2.2p ) is given by standing waves, namely 
solutions of the form p.3p for which the couple {u,lo) satisfies equation (|1.4p . Moreover if u E 
//^(R^,R''') is a solution of (|1.4p for any given G M, we have a standing wave solution for 
(jNKGp . The vector ^ associated to a standing wave ijj is given by ^ = (n(x)e~*'^*, —ioju{x)e~'^^^). 
We define the set 

Y := {{u,uj) G i7^(M^,M+) x M+} 

which is embedded into X by 

Y B (u, w) ^ (n(x)e-*'^*, -zwn(x)e"*'^*) eX Vt G M 
and contains the standing waves. 

Definition 2.1. A standing wave ^ = (ti(x)e~*'^*, — iu;u(2;)e^*'^*) is orbitally stable if the set 



(2.5) r := {('u(x + y) e-'^^'-^\ -iu;u{x + y) e-^(^*"''))| 



C X 



is Lyapunov stable, that is for any e > there exists 5 > such that if dx{^,^) < S then 
dx(f/(i,1'),r) < e for all t G R. 
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Let us define on the space H\R^,R+) the functionals 



(2.6) Join) :-- 



^\Vu{x)\' + R{uix)) 



dx 



(2.7) K{u) := / \uix)\^dx 
and on the space Y energy and charge as 

(2.8) E{u,uj) = Jo{u) + +uj^)K{u) 

(2.9) H{u,uj) = -ujK{u) 



Notice that E and H are nothing but the restriction of (12. 3p and (12. 4p to the subset Y of standing 
waves. Without loss of generahty, we are considering only the case of negative charges. 

We now give some remarks on the assumptions ( |iifoD -( [ff3| ). In particular we show what are the 



consequences of these assumptions for the properties of the functionals above. Assumptions < \Hq 
and dffiD imply that the term Jo{u) + ^Q"^ K{u) is non-negative and has some coercivity with 
respect to the norm of u. This is shown in Lemma 12.91 Assumption is the crucial one for 
the existence of standing waves for (|NKGp . see for example [5]. In particular, it implies that there 
exists functions u for which Jo{u) < 0, which turns out to be fundamental. Finally assumption 
( jiJaP implies that Jq is of class on with 

dJo{u)v= / \Vu{x) ■ 'Vv{x) + R'{u{x))v{x)] dx 

Jrn 

(see e.g. [5]), and that u ^ J R'{u) is a compact operator on radially symmetric functions with 
values on (this is shown in Lemma |2.9|) . 

A general method for finding solutions of elliptic equations as (II. 4p is to look for critical points 
of a given functional restricted to some manifold. In this case a suitable manifold turns out to be 
the manifold of fixed charge, defined for a G M"^ by 

(2.10) := {{u,uj) GY : \H{u,uj)\ = a} 
It turns out that 

Theorem 2.2 (pLj). A couple {uo,ujq) is a standing wave solution of ^NKG\) if and only if it is a 
critical point of the energy E{u,uj) constrained to the manifold M^j for a = \H{uo,luo)\. Moreover, 
isolated points of local minimum of E on M„ are orbitally stable standing waves. 

Remark. The condition for the point of minimum to be isolated is essential only to have that the 
set of minimisers is given exactly by ()2.5p . Moreover we assume that points of local minimum are 
always isolated, since this is certainly true for "generic" functionals E. 

In particular, if the energy E has an isolated point of global minimum on then equation 
(jNKGp admits soliton solutions. Hence in [Tj it has been studied the problem of existence of 
ground states (points of global minimum) for E constrained to Mu, and the main result is that 

Theorem 2.3 ([l]). Assumptions ^H^-^H^ are sufficient for the existence of ground states for E 
constrained to Mu , hence for the existence of solitons, for charges a larger than a threshold ag . 

Notice that when restricted to Mu, energy E takes the form 

(2.11) E\mAu,u;) = Eu{u) = Mu) + ^ (n^ K{u) + 



Another useful functional on Y is the hylomorphic ratio introduced in [T] 

/n-,o^ A. ^ E{u,u;) 1 / Join) 
(2.12) A{u,uj) := ) [ = - iuj-\ + ^ 



\H{u,Lo)\ 2 V ^ J ojK{u) 

It is proved in [Ij that a sufficient condition for the existence of ground states on M^-, for a given 
(T, is that 

(2.13) inf A(n,tj)<f] 

Solitons satisfying condition (j2.13p have been called hylomorphic (see also [2] for a discussion of 
the properties of these solitons). 

In this paper we first give an explicit formula for the threshold ag introduced in Theorem 12. 3[ 

Proposition 2.4. Under assumptions IHq\) -{II^) on R, the ^NKG\) equation has hylomorphic soli- 
tons only for charges a > Og, where 



inf |0E:(u) - ^j2K{u)\Jo{u)\ : Jo(u) < o} 



For the existence of hylomorphic solitons for any charge, it was proved in [Ij that a sufficient 
condition is given by ()NC|) . We now prove that this condition is also necessary. 

Theorem 2.5. Under assumptions (Hq_)-(H^) on R, there exist hylomorphic solitons for any given 
charge a if and only if ^NQ) holds. 

The proof follows from Proposition 12.41 showing that condition ()NCp is equivalent to CTg = 0. 

2.1. Existence of bound states. When condition (INCp is not satisfied, for charges a < CTg there 
is no ground state for E on the manifold Ma- (see Lemma 13.11 in Section [3]) . Hence for a < ag we 
look for orbitally stable bound states, that is points of local minimum for E restricted to M^- It is 
suggested by formula for ag that an important subset of the space i?^(M^,M+) is the set 

(2.14) Jo<° := {u G /f^(M^,M+) : Jq{u) < O} 

We first give a result on the relation between Jq^ and the functional K{u). 

Lemma 2.6. There exists k > such that 

{< for k> k 
- 
= fork<k 

but the infimum is not attained for k < k. Moreover condition iNQ) is equivalent to k = 0. 
We are now ready to state our main results. The first is that 



Theorem 2.7. Under assumptions ^H^-^H^ on R, there exists a threshold at < ag such that for 
all a G (cjfc, oo) the IINKG\) equation has solitons of charge a. 

For a > ag, the solitons are those found in [T], they are ground states, hence hylomorphic. 
Whereas for a £ {ab,ag], the solitons are bound states, hence not hylomorphic. 

The proof of this theorem follows from the following lemmas. We introduce the notation 

(2.15) := {u e H\R^ ,R+) : Jo{u) = O} 

The first lemma shows that if we find a point which realizes the infimum of the energy in the open 
set Jq~^, then we find a critical point of the energy constrained to the manifold of fixed charge. 
Moreover this critical point is a point of local minimum, hence the associated standing wave is 
orbitally stable. 
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Lemma 2.8. There exists a threshold < ag such that for all a G {(Tb,ag] it holds 
(2.16) inf EJu) < inf E^(u) 

7<0 7=0 

using 112. 

Second, we use the classical Palais-Smale condition to prove the existence of the point of mini- 
mum. By the classical Schwartz symmetrization argument, for the minimization of the energy we 
can restrict the problem to radial functions. Hence we only need the Palais-Smale condition on the 
radial functions Fr^(M^,M+). 

Lemma 2.9. For all a < dg, the energy E{u,lo) restricted to the manifold of fixed charge Ma- 
satisfies the Palais-Smale condition if u ^ J^^ Pi H^. 

Remark. A key step in the proof of Lemma [2. 91 is to show that a Palais-Smale sequence (u„, iVn) for 
E (see (j3.14p - (j3.17p ) admits a limit to < Q. In the case a > ag this can be proved for a Palais-Smale 
sequence which is minimising for £ ( [1] ) . Hence using the proof of Lemma 12.91 we obtain that E 
satisfies the local Palais-Smale condition for all o" > 0. This makes the proof of Theorem 12 . 71 contain 
the proof of Theorem 12. 3[ 

Moreover, we study the threshold ab- We obtain a checkable sufficient condition on the function 
F for having solitons of any charge. 



Theorem 2.10. Under assumptions (Hq)-{H^) on R, if condition liZQ) holds then the iNKG\) has 
solitons of any charge. 

Notice that if condition ()NCp holds, then k = and (jNKGp admits hylomorphic solitons of any 
charge. In case condition ()NCp does not hold, we still can have solitons of any charge by condition 
(jZCp . but they are hylomorphic only for a > ag strictly larger than zero. 

2.2. Multiplicity of bound states. Finally we study the problem of existence of multiple or- 
bitally stable standing waves. This is equivalent to the existence of multiple positive solutions for 
the elliptic equation (jl.4p . The main feature of our result is that we show that multiplicity comes 
only from the shape of the nonlinear term F{s) = ^ fi^s^ -|- R{s). In particular, let 

(2.17) {s : i?(s) < 0} = Ci U ••• £gNU{oo} 

where Ci are disjoint open intervals. We prove that 



Theorem 2.11. Under assumptions (Hq_)-(H^), we prove that: 



if i < oo, there exists an interval S C such that for all a £ T,, the IINKG\) equation admits 
at least i orbitally stable standing waves of charge a; 

if i = oo, for any integer M > there exists an interval T,m C M"*" such that for all a £ T,m, the 
IINKG]) equation admits at least M orbitally stable standing waves of charge a. 

3. Proofs 

Proof of Proposition \2^\ We first note that hylomorphic solitons {u,uj) satisfy Jo{u) < 0. Indeed, 
since 

1 / 9?\ 
inf - w H =0 

ajgM+ 2 \ UJ J 

from (j2.12p it follows that -|- Jq{u)/{loK{u)) < A{u,uj) < Q implies Jo{u) < 0. Hence we restrict 
to functions u in (see dan])). 
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Using (j2.1ip . we write A as a function of u and a, and from basic algebra we have that 

1 a 1 n'^K{u) Jo(u) 



A{u,a) 



2 K(u) 



+ 



> n 



a 



a 



if and only if 

a £ I{u) :-- 



\ (nK{u) - y/2K{u)\Joiu)\, nK{u) + ^y2K{u)\Joiu)\ 



Hence for a fixed a, A(n) > for all u £ Jq if and only if a is in I(u) for all u G Jq ■ It remains 
to identify the set n^gj<o I{u). We first show that 



sup n K{u) + ^/2K{u)\Joiu)\) = +oo 
This is obtained by the sequence 



(3.1) 



Un\X) 



So if \x\ < r„ 

if |x| > r„ + 1 

, So(l + r„ - |x|) if r„ < |x| < r„ + 1 
with r„ ^ oo, and R{so) < as in ^H^. Indeed 

2 



„2 Af-1 



dr + 



i?(so) r^~^ dr + 



R{so{l + rn-r))r^-Ur 



The first and last term are 0{r^~^), whereas the second is negative and grows as . Hence for n 
big enough n„ G Jo~^- Moreover K{un) clearly goes to infinity as r„ ^ oo. 
Hence it follows, that 



n„gj<o Hn) = 0, inf (nK{u) - ^/2K{u)\.h 



and we obtain that A(u) > Vt for all u G Jq^ if and only if 



a < a, 



a ■~ 



inf ( n K{u) - yj2K{u) |Jo(n)| 



Moreover it follows from the proofs of Lemmas 12.81 and 12.91 below that (jg is attained. 



□ 



Proof of Theorem \2.5l We need to show that condition ()NCp is equivalent to ag = 0. The first 
implication is basically contained in [Ij, Corollary 3.10. Let condition ()NCp hold for given a > 
and < e < and for any S > consider the sequence {un} G given by 



(3.2) 



Unix) :-- 







if \x\ < rn 
if |x| > 2r„ 

1^) if r„ < |x| <2rn 



with Sn 0"'" and satisfying R{sn) ~ — c s'^'^^ for some c > 0, and — > oo such that fi{B{0, 2 rn)) - 
(5 as n — > oo, where ^{B{0,r)) denotes the Lebesgue measure in R'^ of the ball of center and 
radius r. For this sequence it holds 

< ij{B{0, rn)) si < K{un) < m(5(0, 2 r„)) si 

Mun) < const '^fi{B{0,rn)) + i?(s„) ^(5(0, r„)) 
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Writing 

Jo{un) < const fi{B{0,rn)) s 
for n big enough it follows Un G Jq^ since e < jj. Moreover 



nK{un) - ^2K{un) I JoK)| = K{Un) (^-. 2 | < (5 



for n big enough, since 
(3.3) T^i ^ 

K{Un) 

by (1^. Hence ag = 



K(Ur. 



U < — TTT ^ < const -rr H ;^ h - 



4/i(i?(0,r„)) 



We now show that Ug = implies ()NCp . First of all, using ( |ffiD , we have for u G 



T<0 



< \ Jo{u) 
from which 



1 



|Vu(x)p -i?('u(x)) 



dx 



nK{u) - ^/2K{u)\Jo{u)\ > Q K{u) - J K{u)^ - K{u) / \Vu{x)\^ 



where we have used 1 — Vl ~ x > | x for all x G [0, 1]. It follows that if cj^ = then 
(3.4) 3 {u„} G Jo^° such that j |Vn„(x)p ^ 

Let us argue by contradiction that (NC) does not hold, in particular we assume that R{s) < in 
a given interval (0, a) but 

\R{s) 



lim sup 







that is for any S > it holds 
(3.5) 



R{s) > -(Js^+iv as s ^ 0"* 



First of all notice that (j3.5|) together with l\H^ implies that there exists a constant c > such that 
for ah u e 



(3.6) / R{u) > -5 



I I 24- A 



u\<a 



> —6 \u\'^^ 1^ — const [ / \\/un{x) 

R'V J\u\<a 



where we have used the Sobolev inequality 11^112* < const||Vn||2 for functions in H^. We now show 
that under assumption p.Sp . the sequence {n„} in (j3.4p is such that K{un) is bounded. Indeed let 



K{u n) — oo. Then to have (jg — it is necessary that |</o(^n)| ~ 2^ K{un). This follows from 



\Jo{un)\ < h^'^K{un) and 



n K{Un) - V2KiUn)\Jo{Un)\ = K{Un) n 



\MUn)\ 
K{Un) 







Moreover, \Mun)\-^ ^n'^K{un) implies by ([331) and i^M) 

lo2 - I Rj^n) ^ ^ f\u\<a\^n\''-^^ COn^t (/ | Vn„(x) P) ^ 4 

which leads to a contradiction taking 6 as small as necessary. 

Let {un} be the sequence in (j3.4p with K{un) bounded, applying the inequality (see [T7] ) 

^ const ||u||^2 ^ ' ||Vn||^2 ' 
which holds for 2 < g < 2* and > 3, and ([Ml) it follows 

0>Jo(m„) = J / |Vu„(x)|2+ / > 
> ^ / |Vu„(x)p-5 / - const ( / |Vu„(x)|2) 

> 7: iVunix)]"^ i 1 - const 6 K{un)^ - const ( |Vn„(x)'^ 

The contradiction follows from the fact that the right hand side is positive for n big enough, since 
K{un) is bounded and 5 is as small as necessary, and 2* > 2 and / |Vun(x)p ^ 0. □ 

Lemma 3.1. When condition \NC]) is not satisfied, for charges a < ag there is no ground state 
for E on the manifold M^. 

Proof. In this case E{u,u)) > aVt for all u G Jq^ , as follows from the proof of Proposition 12.41 for 
all u G Jq^ as follows from the proof of Lemma 12.81 for all u G \ {Jq^ U Jq^) for any charge. 
However it holds 

inf E(u, uj) = ail. 

which is obtained by considering the sequence (|3.2p with — > 0, r„ ^ 00 and such that K{un) ^• 
As in (j3.3p it follows 

Jo{Un) 







and 

The proof is finished by using (|2.1ip for E{un,uJn)- D 



Proof of Lemma \2.(A The first statement is obtained by using the sequence {un} defined in ()3.1 
to show that infx(u)=fc Jo{u) is negative for k big enough, hence there exists k defined as 



k:=\ni<k : inf Jnfu) < 
[ K{u)=k 

We need to show that the set where infx(u)=A; Jq{u) < is an interval. This is shown by a re-scaling 
argument. For any u G let us define ux{x) := u (^) for A > 0. Then 

K{u,)=X^K{u) 

■ Mux) = J 1 |v,,|2 + ^A^ J 
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Hence if Jo{u) < then Jo{ux) < (A^-^ - -^^) / i |Vnp. This shows that for all k > K{u) there 
exists A > 1 such that K{u\) = k and Jq{u\) < 0. 

li k <k then mlx{u)=k Joiu) = which is obtained by the sequence {un} defined in (j3.2p with 
Sn and rn such that K{un) — > ^- This sequence is used to prove also that if (|NC|) holds then A; = 0. 

If there exist u with K{u) = k < k and Jo{u) = 0, then by the previous re-scaling argument, we 
would obtain k = k. Hence the infimum of Jq is not attained on K{u) < k. 

Finally, if A; = we show that there are hylomorphic solitons for any charge a. Fixed a, let 
u G Jo<° with K{u) = ^. Then (u, Q) E (see (IZTOD ) and 

a a 

Hence infj\,f<j A < for any charge and the proof is finished by Theorem 12.51 □ 

Proof of Lemma \2.8[ We use equation ()2.1ip for the energy E and recall notation (j2.15p . Using 
Lemma 12.61 it follows that 



(3.8) irif E^{u) = inf _ - (n^K{u)+ ^ 



Jo° K{u)>k 2 V K{u)^ 

Let now study the threshold cTg defined in Proposition 12.41 Introducing the notation 



k 



inf Joiu) 

K{u)=k 



we can write 



(3.9) f7„ = inf (nK{u)- J2 Kiu) I Jo (n) I I = inf (nk-J2kJk 

j<o V / k>k V 

and we claim that 

(3.10) ag < nk 

The proof is finished using (j3.10p . Indeed, by (|3.8p . studying the function 

2 

f{k) :=nH + ^ 

one obtains that 

f(k)>2an = f(^^^ 
and / is strictly increasing for A; > ^. Hence, if o" < cr^, by ()3.10p it follows that 

-k>^>^ 

n - n 



Using (j3.8p this implies that for cr < a, 
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1 f^oT 



(3.11) inf E^(u) = -{n^k + ^] > an 

Jo=o 2 V k ' 



Moreover, since a E(j{u) is continuous for each u fixed, and for a > ag 

inf E(j{u) < ail. 



by (|3.1ip it follows that there exists a^ < ag such that 
for all a £ {at,, ag]. 



inf Ecr(u) < inf E„(u) 

7<0 7=0 
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It remains to prove (j3.10p . This is done by using a re-scaling argument. Let us define for any 
u G J^^ with K{u) = k, the functions ux{x) := u (^) for A > 0. The functional K and Jq vary as 
in (j3.7p . In particular, for any e > 0, we choose 



A. 



1 + 



£ \ jv 



k 



from which 
(3.12) 



1 + f 



K{ux,) = k + e 
1- 



1 + f 



Hence from (13. 9p and (I3.12P it follows that for any e > 

(3.13) ag < ^(k + e)- ^2{k + e)Ji^^<n{k + e)- ^2{k + e)\jQ{ux,)\ 

Moreover, as e ^ 0, we have 

\Mux^\- II R{u) 

hence 



n{k + e)- J2{k + e)\jQ{ux,)\ ~ Vlk + ^\Vl^ 



N 



R{u] 



and the right hand side is less than ^k for e small enough. Hence by (I3.13p . we obtain the claim 
(IXTUD . □ 

Proof of Lemma \2.9[ The first part of the proof follows [T], Lemma 2.7. We repeat it here for sake 
of completeness. For any given charge a < ag, we have to prove that if {(m„,cj.„)} is a sequence 
such that 



(3.14) 
(3.15) 
(3.16) 
(3.17) 

then, up to a choice of a sub-sequence 



{un,uJn) & = {\H{u,uj)\ = a} Vn 
E{un,iOn) is bounded 



(3.18) 

First of all from (j3.16p it follows that there exists {u,lj), with u £ H} such that 



(3.19) 



Un u and ujn — > a; < 



This follows from the property of coercivity of the energy. We need to show that {un, ojn) is bounded 
in X M. By ([M]) and (gZl) we can write 



(3.20) 



- \VUnr+F{Ur, 



dx + 



aujr, 



where F is defined in (12. ip and by \Hi\ is non-negative. Hence and |J |Vu„p} are bounded. 
It remains to show that {K{un)} is bounded too. Let us assume on the contrary that (n„,a;„) 
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satisfies (f3ia - (|3lB and 



/ 



UriP dx CO. 



From dlJ]) and (|^ it follows that 

(3.21) 3 5 > 3 ci > 0, such that F{s) > cis^ for < s < (5. 

and one can choose ci = ^min^ j^^. By ()3.20p and ()3.16p . the term / F{un)dx is bounded and 
by and 



(3.22) / F{un) dx> F{un) dx>ci 

J Jo<u„<5 Jo<Un 

On the other hand 

/ u^dx + ui dx ^ oo, 

thus we have, by equation (j3.22p 



n ' 

>5 



ut dx — > oo. 



This drives to a contradiction because 

1 



52* -2 

and by the Sobolev embedding theorem 



ut, dx > I ut dx 



ui dx < I ut, dx < const I iVunKdx < const. 



>><5 

Now ()3.19p for {n„} follows from classical arguments. We recall that the spaces Lr for 2 < p < 2* 
are compactly embedded in H^, hence up to a sub-sequence, 

(3.23) n„ u for 2 < p < 2* 

It remains to show that uj < Q. Since o' < ag, it follows from (I3.14p and ()3.15p that for all n 



inf^<o n K{u) - ^J2K{u)\Jq{u) 

= iFr-\ ^ — wr-\ < ^ 

K{Un) K{Un) 

Hence uj <il.. Moreover uj = and K{un) > k, as deduced from Lemma 12.6^ imply that 

O'q > a = LOn K{Un) = lim iuf {uJn K (Un)) > flk 

n 

which is in contradiction with (j3.10p . Hence (j3.19p is proved. In particular, it follows that {uJn} 
and {K{un)} are bounded away from zero. 

To finish the proof we write assumption p.l7p as 

(3.24) < dJo{Un),V > + +U;l-2XnU;n) J UnV =<en,v> — > 

(3.25) (uJn - K) 0!K{un) =<r]n,a> — y 

for all V G and q G M, where is a sequence of Lagrange multipliers, and e„ G H^^, rjn G M. 
Since {K{un)} is bounded away from zero, from (|3.25p we obtain = uJn + Sn, with 6n — > 0. Hence 
substituting in (j3.24p . we have 
(3.26) 

< dJo{Un),V > + [n"^ - UJ^) j UnV = < En, V > -25n UJn J Un V + {^1 - UJ^) J 



UnV 



12 



for all V E H^. Writing (j3.26p for two functions Un and Um and subtracting yields 

(3.27) dJo{Un) - dJo{Um) + (f^^ - W^) (n„ - Um) ^n,m^oo 

Hence, since {un — Um) is bounded in H^, applying (|3.27p to {un — Um), we have 
(3.28) 

{\VUn - VUmP + (R'iUn) - R' (Um)) {Un - Um) + (^2^ - CJ^) - UmP) da; >n,m^oo 



Writing 



(R'iUn) - R'{Um)) {Un " ■"„) 



< / \R" {Um + {Un - Um))\\Un - U. 



2 

■ml 



for some G (0, 1), and using (-H3 ) and the inequality 



2 , ,2 
p 



from (I3.23P it follows that 

{R'{Un) - R'{Um)) {u„ - Um) dx >n,m^oo 

f 

which in particular implies compactness for u ^ J R'{u) on H^. Hence from ([3:28]) we obtain 

\\Un 'Umll/fl ^n.m— >oo 

since (Q"^ — w^) > 0. Hence is a Cauchy sequence in H^, and it follows that it has a convergent 
subsequence and (|3.18p is proved. □ 



Proof of Theorem \2. ?[ . For a > Ug there exist solitons with charge a by Proposition 12.41 and the 
main result of [Ij. Let a G ((Tfc,cjg], where db is the threshold found in Lemma 12.81 Let 

m := inf -^(n, a;) 

By the Schwartz spherical rearrangement of functions in , the value m is not changed if we 
restrict ourselves to functions u S H}. Moreover, by the Palais principle of symmetric criticality 
[llj, since the energy E is invariant under rotations of M^, it follows that critical points for E 
restricted to Ma- H {n G H}^ are also critical points for E restricted to Mo-. 

Since Jq is continuous, the set Jq^ is open in H^, and by Lemma 12.81 it follows that the infimum 
value m is realised by a minimisation sequence in the interior of Jq^ ■ Hence we can apply the 
classical Ekeland principle to find a sequence {un,uJn) G M^, with Un G Jq^, satisfying ()3.14p - 
(|3.17p . Since by Lemma [2.9l the energy E satisfies the Palais-Smale condition, it follows that there 
exists (n, w) G such that E{u,u)) = m. Hence {u,u;) is a critical point of the energy E restricted 
to Mo-, in particular it is a point of local minimum. It follows that {u,uj) is an orbitally stable 
standing wave with charge a. □ 

Lemma 3.2. Let condition (NQ) not to hold, so that k > 0. If 
(3.29) n^<snp 



7<o K(u) — k 
then cTf, = 0. 
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Proof. In the proof of Theorem 12.71 the value of at is determined by the values of the charge for 
which (j2.16p holds. Hence we only need to show that (j3.29p implies (|2.16p for all a £ (0,0"^]. Using 
(j3.1ip we only need to show that ()3.29p implies 

(3.30) inf E^{u) < ^ f 17^ + VcjG(0,ctJ 

j<° 2 V k J 

<o 



By ()3.29p for any e > there exists Ue G Jq such that 

^2 ^ 2|Jo(n,)| 



K{u,) - k 



hence 



and since K{ue) > A; by Lemma 12.61 we find 

for all cr > 0. Then (f3Jffl]l follows. □ 

Proof of Theorem \2.1(A We need to show that condition (jZCp implies (|3.29p . Let si be defined as 
in (jZCp and consider the sequence {un} defined as in (j3.ip 

s\ if |x| < r„ 

Un{x) := < if |x| > r„ + 1 

, + r„ - |x|) if r„ < |x| < r„ + 1 
with r„ — > cxD, and R{si) = — ^ Jl^ s\. Then 

Mun) = - sjr^-Ur+ R{si)r^-Ur+ R{si{l + r^ - r)) r^~Ur 

is negative for big enough and 

K{un) = sl^i{B{Q,r^)) + o{r^) 

This implies 



Hence given /c, for n big enough 



hm ^^M!^ = 

n^oo K[Un) 

^2 ^ 2|Jo(u„)| 



K{Un) - k 

and (13:291) follows. □ 

3.1. Proof of Theorem 12.111 By the same argument as in the proof of Theorem 12.71 using 
the Schwartz spherical rearrangement of functions in and the Palais principle of symmetric 
criticality, we can restrict ourselves to u G H^. Hence we look for points of local minimum of 
E{u,oj) on M„ and with u G J^^ n H}. 

The restriction to radially symmetric functions is fundamental. We recall that for functions in 
H^{M.^) there exist positive constants (3 and 7 only depending on such that 

(3.31) |n„(x)| < 7^te for |x| > (3 

\x\ 2 

For a proof of this property see e.g. [5]. 
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Given an interval / C and a function u S -ff^(M^, M"*"), we introduce the notation 
(3-32) Xu,l{x) := X{u{x)el}i^) 

for the characteristic function of the set {x : u{x) G /}, and 

ui G {{x : u{x) G /}) 



(3.33) 



ui{x) :-- 



u{x) u{x) G / 
ulx) / 



Lemma 3.3. For any interval I = (a, 6) with a > 0, if a sequence {n„} converges to u in the 
norm then {Xu^ji^)} converges to {Xu,l{x)^ in the norm. Hence in particular the symmetric 
difference {un{x) G /} A {u{x) G /} has vanishing measure. 

Proof. Up to the choice of a sub-sequence, the sequence {n„} converges to u for almost all x, hence 
{Xun,i{x)} converges to {Xu,i{x)} for almost all x. The proof is finished by the Lebesgue theorem 
of dominated convergence, since by ()3.3ip there exists (3 > P such that if |x| > P then < a 

for all n. Hence for all n it follows Xu„,l{x) < Xi^\x\<j3^{^) ^ '-' 

Lemma 3.4. For any interval I = (a, b) with a > 0, the function u t-^ Joiui) is continuous in the 
H}. norm. 

Proof. We recall that for u G H}. using notation (j3.33p 



Joiui) 



Mx)ei} 



|Vn(x)p + i?(ti(x)) dx 



Let {un} be a sequence converging to u in the norm. Then using notation (|3.32p 



/ |Vn„|2 - [ 

< 



IXun.ll 



{x)el} 



\VUr. 



\Vu\' 



ivnr + 



/ lx«„,/ - Xu,i\ |Vn|^ 



< 



The first term in the right-hand side is vanishing since {un} converges to u in the norm 
and |Xn„,/| < 1- The second term is vanishing by Lemma 13.31 which implies that the symmetric 
difference {un{x) G I}A{u{x) G /} has vanishing measure as n — > oo, and by the absolute continuity 
of the integral, being |Vup in L^. The same argument applies to the part with R{u), by using the 
continuity of Jq. □ 

Let us now recall notation (|2.17p for the disjoint intervals Cj of the set {s : R{s) < 0}, and write 
(3.34) C^ = {C^,Vi) i = l,...,i 

where 

0<^i<Vi<^2<--- <^t<Vi< ^t+i < ■■■ <rie< oo 
We start with the case i finite. We recall from [Ij the following result 

Lemma 3.5 ([!]). Let R satisfy {H{)^ -(H^) and assume that there exist s > such that R'{s) > 
for s > s, then for any < to < Q all solutions u of Ji.^l ) satisfy 



\u[x)\\l° 



< s 



Lemma 3.6. There exists a threshold CTg^i such that, for all cr > Cg^i, there exists a point of local 
minimum for the energy E„{u) with \\u{x)\\i^ < rji. 
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Proof. Let us consider the modified nonlinear term 

I R{s) s < rji 



(3.35) R{s) 



fis) s>r]i 



for any function /(s) for which /'(s) > and such that R is of class and satisfies (Hq)-(H^). 
Then R satisfies the assumptions of Lemma 13.51 with s = rji. 

We first apply Proposition 12.41 (or Theorem 12. 3p to R as defined in (j3.35p . Hence we find a 
threshold cr^^i such that the (jNKGp has hylomorphic solitons (n,cD) with charge a > (Jg^i- Moreover, 
recalling (j3.19p it holds a) < il. We can now apply Lemma [331 and obtain ||it(2;)||i;,cx) < rji. 

In particular « is a point of local minimum for 

E.{u) = J {I l^^l' + + ^ ^(^) + ^) 

We now argue that u is a point of local minimum also for the energy Ecr with nonlinear term R, 
hence we choose u = u. 

Recall from Lemma 13.31 that functions v close to u in the norm satisfy 

m{{v{x) S (r/i, oo)}) — > as \\v — u\\h^ 

This implies in particular that for alH = 1, . . . , £ 



/ 

Jiv(x) 



\v\'^ < 2 I llw — ttlll^i + / — > as \\v — u\\h^ 



whence, by notation (I3.33P and letting w^x) = v{x) — rji 

Jo {iv)(:n,,^,+,)) = I \Viv{x)\^ + Riwix) + rji)) dx > 

J {w(x)eiO,rii+i-r^i)} / 

by Lemma 12.61 since R{s + r/j) is positive for s — > Since i is finite, if \\v — u\\ is small enough 
then this is true at the same time for alH = 

Moreover, since u) < f], it follows that K{u) > ^, hence the term 

is strictly increasing in K{u). 

Putting all together, it follows that the energy E^j with nonlinear term R satisfies for functions 
V close to u in the norm 

E.{v) = Jo {v(^o,v^)) + E + I ^(^) + ^ 



oo 



where we have used ||n(x)||Loo < r/i and the fact that Efj and Ef^ coincide for functions with L 
norm less than rji by (I3.35p . □ 

Lemma 3.7. There exists a threshold ag,2 such that, for all a > (yg^2, there exists a point of local 
minimum for the energy Efj{u) with ^2 < ||'ii(2;)||L°° < ??2- 
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Proof. Let us consider the modified nonhnear term 

I R{s) s < r/2 



R{s) 



f{s) s > r/2 



for any function f(s) for which f'{s) > and such that R is of class and satisfies (Hq)-(H^). 
Then R satisfies the assumptions of Lemma 13.51 with s = r]2- As in the proof of Lemma 13.61 
find a point of local minimum u for the energy and by Lemma 13.51 all points of local minimum 
satisfy ||ii(3;)||j;,oo < r]2. Then it follows that u is a point of local minimum also for and it satisfies 
||n(x)||Loo < r/2. 

It remains to show that there exists a point of local minimum for Efj with ||n(x)||ioo > ^2- In 
the following we always assume to work with R in the definition of Jq. Let us consider the set 

which is open by Lemma |3. 41 We first need to show that for a large enough 
(3.36) inf E^{u) < inf E„{u) 

By Proposition 12.41 we know that for all a large enough the (jNKGp equation admits hylomorphic 
solitons with charge a. Hence, the infimum of E^j is not reached on functions v on the boundary 
of J{7]i,n2) for which Jo{v) = 0. Indeed for such functions v, we have Ecr{v) >a^. 

Moreover, by Lemma [2.61 there exists j^^) > such that functions u € { Jo {'^{■qi,r]2)) < O} 
satisfy 

^ {Hm,V2)) ^ hvi,m) 

hence by 

m{{u{x) £ {vi,m)}) ril > K {u^^^^^^)) 
and Lemma [331 it follows that v G c^J(»?i,»?2) implies ||t'||L°° > Hence, for a large enough, the 
infimum of Ea- is reached neither on functions v on the boundary of J{ni,r)2) which >/o('y(r?i,r)2)) ~ 0- 
Indeed for such functions, letting w{x) = v{x) — r]i, it follows 

0=/ (l\Vw{x)\'^ + R{w{x) +r]i)] dx < [ (I {Vwl"^ + R{w + r]i)] 

J {w{x)ei0,r,2-rn)} \^ J JR^ \^ J 

since R{s + is non-negative for s > r]2 — rji. Hence again by Proposition 12. 4[ we know that for 
all a large enough there exist hylomorphic solitons for the (jNKGp with nonlinear term R{s + 
which are in the set | Jq ('ii(o,»;2-»7i)) ^ O}. Perturbing these solutions, by a cut-off on the tails, 
we find functions u £ | Jq (u(^j f^^)) < 0} with energy Ea- strictly smaller than E(j{v). This proves 
(|336]) . 

Now, using (I3.36P and Lemma 12.91 we obtain a point of local minimum for Ecr in the open set 
J[ni,r]2)- That this point satisfies ||u(2;)||j;^oo > ^2 is immediate from the definition of J{ni,ri2) ^^'^ ^2 
f see ([331)1 ). ' □ 

The proof of Theorem 12.111 for i finite easily follows by repeating Lemma 13.71 for all intervals 
Cj. Some modifications are needed for the last interval Cg in the case r]£ = 00. There is no need 
for using a modified nonlinear term, since we only need to show the existence of a point of local 
minimum with ||n(x)||ioo > This is achieved as above by slightly modifying the argument. 
Finally, the interval of charges is given by 

max (To i, +00 
=1,.../ ^' 
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If d. is infinite, we choose for any integer M > a modified nonlinear term with only M intervals 
Ci where it is negative, and such that it is positive for s big enough. Then the result follows by 
repeating the same argument as above, showing in particular that the points of local minimum 
found for the modified energy are points of local minimum also for the original energy (follow the 
proof of Lemma l3.6p . 
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